Geometry Qualifying Examination
Xiaodong Wang
August 25, 2022
Instructions: Solve 4 out of the 5 problems. You must justify all your
claims either by direct arguments or by referring to well known and basic

theorems. Indicate clearly which four problems you would like us to grade.

Problem 1. Let f: R™ — R be a smooth function.
(1) Show that the set graphf = {(z, f(x))} : = € R"} is a smooth
submanifold of R**1.

(2) State the regular value theorem.
(3) Let f:R? — R be defined by:

flayy) =a® + oy +y°.
What are the regular values of f?

Problem 2.
(1) State the Stokes theorem. You must explain the meaning of the

symbols involved in the formula.

(2) Let fo: M™ — X™ and f; : M™ — X" be smooth maps between
smooth manifolds. Assume that M™ is closed and oriented and the
two maps are smoothly homotopic, i.e. there exist a smooth map
F:M™x[0,1] - X" s.t. fo=F(,0),fi = F(-,1). Prove that if
w € Q™(X) is a closed m-form on X, then

[ Gw= [ g
Problem 3. On R? — {0} consider the differential form
xzdy Ndz +ydz Adz + zdx A dy
w= (22 + 42 + 22)3/2
(1) Show that w is closed.
(2) Let ¥ C R? — {0} be a connected and closed (compact and without

boundary) surface. ¥ bounds in R® a bounded domain U and is

given the induced boundary orientation. Prove that

1 [ 1 ifoeu;
0, if0¢U.
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Problem 4. Let M3 be a 3-manifold and let 6 be a smooth 1-form on
M3 such that @ A df is a volume form. Prove that there does not exist an
embedding f : ¥2 — M3 with ¥? a 2-manifold such that f*6 = 0.

Problem 5. Let M be a smooth n-dimensional manifold. Let Xi,..., X,
be smooth, linearly independent vector fields on an open set U C M. Then

there are smooth functions ci-“j such that

n

X0, X5 =) e Xi.
k=1

(1) Prove the following identities

k k
Cij = —Cji
n
! ! !
Z CijCh + CjiCyy + ciichy = 0.
=1
(2) Let w!,... ,w" be the dual basis of 1-forms, i.e. w'(X;) = 5; Prove

1 & . .
dwF = —3 Z cfjw’/\w].
ij=



